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Prediction of Peak Internal Fields in
Direct-Coupled-Cavity Filters

Christoph Ernst, Associate Member, IEEE, and Vasil Postoyalko, Member, IEEE

Abstract—In this paper, an explicit expression of the peak
electric-field strength in the cavities of Chebyshev direct-cou-
pled-cavity waveguide filters is derived. It is shown that the
electric-field strength can be predicted from the analysis of the
time-averaged stored energy in the lumped low-pass prototype,
from which the cavity filter was derived. This simplifies the
analysis and study of the power-handling capability of these
types of filters considerably, as the stored energy in the prototype
filters is easily computed. The analysis of the field distribution
in the cavities of an example third-degree Chebyshev direct-cou-
pled-cavity filter shows that the explicit expression for the peak
electric-field strength derived in this paper agrees closely with
results obtained from a TE10 circuit model of the filter, from a
full-wave electromagnetic solver and from measurements.

Index Terms—Direct-coupled-cavity filters, electric-field
strength, power-handling capability, stored energy.

I. INTRODUCTION

PEAK internal fields are an important consideration when
the power-handling capability of a filter is evaluated. Di-

electric breakdown and multipaction breakdown is a direct con-
sequence of the large buildup of the electric fields in electrical
filters [1]–[5]. Young proposed an approximate approach to the
prediction of the peak internal fields in direct-coupled filters
[6]. He related the ratio of the maximum to midband equiva-
lent power ratio to the ratio of the maximum to the midband
group delay. This necessitated the introduction of a safety factor,
which he suggested “[ ] is probably always less than 2.” No
justification is given other than the consideration of several ex-
amples. However, results recently obtained for highly selective
filters [7]–[10] show that a much larger safety factor can be re-
quired for these types of filters.

In this paper, a new approach for developing an explicit expres-
sion for the peak internal fields in cavity filters is presented. This
approach is based on the consideration of the distribution of the
time-averaged stored energy (t.a.s.e.) in the filter. In [11]–[13],
the relationship between group delay and t.a.s.e. in a filter is rig-
orouslyderived.Thismakes itpossible to relate thedistributionof
energy in a lumped low-pass prototype filter to the distribution of
energy inacoupled resonator filter,which isderived fromthepro-
totype by means of a frequency transformation. Using these ideas
in this paper, anaccurate andexplicit expression for the peakelec-
tric fields is derived for Chebyshev direct-coupled-cavity wave-
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guide filters. It is shown that the peak electric fields can be related
directly to thepeak t.a.s.e. in theelementsof the lumpedprototype
filter, from which the cavity filter was derived.

This paper considerably simplifies the analysis and study of
the power-handling capability of these types of filters [1], [14],
[6], [15]. Only the stored energy distribution in the lumped
low-pass prototype needs to be computed and the peak t.a.s.e.
has been tabulated for lumped prototype filters of degrees 1–15
and return loss of 15, 20, and 25 dB.

This paper also gives a justification for the implicit assump-
tions made in [7]–[9], and [13], where the power-handling ca-
pability of some Butterworth, Chebyshev, and general Cheby-
shev cavity filters are analyzed and compared with each other
by considering solely the stored energy distributions in lumped
low-pass prototype filters.

II. PREDICTION OF THE ELECTRIC-FIELD STRENGTH

Rectangular waveguide mode filters with bandwidths
of up to 20% can be designed from lumped low-pass prototype
filters using the approximate frequency transformation in [16]
and [17], i.e.,

(1)

Equating and [16], [17] by solving

(2)

and

(3)

gives

(4)

(5)

where

guide wavelength at lower band-edge (6)

guide wavelength at upper band-edge (7)

(8)

cutoff frequency of mode (9)

width of waveguide (10)

height of waveguide. (11)
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Making use of the results in [13, eq. (46)],

(12)

the stored energy ( ) in the cavities of a narrow-band
waveguide filter can be related to the stored energy ( ) in
the low-pass prototype for frequencies for which the frequency
transformation is valid, i.e., for frequencies close to the
resonance frequencies of the cavities. As the field distribution
is well known at the frequency when the cavity becomes reso-
nant, the stored energy can then be related to the electric-field
strength at the centers of the cavities.

Hence, consider the electromagnetic (EM) field distribution
in a waveguide cavity of length for frequencies close to
the resonance frequency , i.e., when and
where is the resonance wavelength. The field distribution
is closely approximated by the field distribution of a perfect
standing wave, i.e.,

(13)

(14)

(15)

with a maximum electric-field strength of . In the case of
direct-coupled-cavity filters, further evidence of this field dis-
tribution can be found in [18], where the voltage distributions
in numerous TEM direct-coupled-cavity filters have been com-
puted from the chain matrix analysis. In the case of general-cou-
pled cavity filters, it may be pointed out that Rhodes [17] im-
plicitly assumed the field distribution in (13)–(15) when he de-
rived the design equations, which have been successfully used
in practice, for this type of filter.

The stored energy is then obtained by integrating the dot
product of the electric fields and the dot product of the mag-
netic fields over the cavity volume [19], i.e.,

(16)

and after substituting for and using (13)–(15)

(17)

On the other hand, the stored energy in a cavity can also be com-
puted from the low-pass prototype using (12) and expressing the
t.a.s.e. in the cavity filter in terms of port equivalent voltages
and currents. Two equations for the stored energy are obtained.
Combining these two equations, the electric field in the wave-
guide cavity can be directly related to the stored energy in the
lumped low-pass prototype.

A. Stored Energy in the Waveguide Cavities Estimated From
the Corresponding Lumped Low-Pass Prototype

In order to obtain an equation of the stored energy in terms
of port equivalent voltages and currents, the following alterna-

Fig. 1. Distributed transmission-line model of a TE mode propagating in a
section of rectangular waveguide of length `.

tive expression of the stored energy is employed, which can be
derived from a variational theorem [13], [20], [19], i.e.:

(18)
where is the terminal surface of port and is a unity
vector normal to the terminal surface. Following Schwinger and
Saxon [20] and choosing the reference planes of a passive loss-
less two-port at and , and assuming that no evanes-
cent modes are present, (18) reduces to

(19)

where and are the corresponding trans-
verse electric field and transverse magnetic field of the domi-
nant mode at the port reference planes. Defining equiva-
lent port voltages and equivalent port currents of
the waveguide system corresponding to the equivalent transmis-
sion-line model in Fig. 1, i.e.,

(20)

(21)

(22)

and substituting the above into (19), the stored energy in the
waveguide section is obtained in terms of the equivalent port
voltages , , and the equivalent port currents ,

, i.e.,

(23)

Note that the equivalent voltages and currents have been marked
with a tilde in order to distinguish them from the voltages and
currents in the lumped low-pass prototype filter. Hence, treating
each cavity of a waveguide filter as a two-port extending from
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to , the t.a.s.e. in the waveguide cavity can be
calculated from the equivalent transmission-line circuit model.
Note that the t.a.s.e. obtained in this way is an approximate value
since the t.a.s.e. in the evanescent modes excited by the coupling
apertures at the reference planes have been neglected. This cor-
responds to modeling the coupling apertures by ideal impedance
inverters.

The term in (23) is propor-
tional to [19]. Hence, it can be neglected for
frequencies close to the resonance frequency of the cavity.

Employing the frequency transformation in (1), the voltages
and currents in the lumped low-pass prototype are related to the
voltages and currents in the transmission-line prototype filter by

and (24)

When these expressions for the voltages and currents in the
transmission-line prototype are substituted into (23), the term
in square brackets in (23) can be written as

(25)

i.e., the stored energy in the lumped low-pass prototype times
the derivative of the frequency transformation. Using the expres-
sion for the phase constant (8) and the frequency transformation
(1), the derivative of the frequency transformation can be eval-
uated, i.e.,

(26)

Hence, neglecting the term in
(23) and using (25) for the term in square brackets in (23), as
well as the relation in (26), the stored energy in a waveguide
cavity ( ) is approximately related to the stored energy ( )
in the corresponding section of the lumped low-pass prototype
by

(27)

for frequencies close to resonance, i.e., for frequencies around
the center frequency of the passband.

B. Peak Electric-Field Strength

The maximum electric-field strength in a cavity can now be
obtained for frequencies close to the resonance frequency of the
cavity combining (17) and (27), i.e.,

(28)

In order to be able to compute the peak amplitude

(29)

it is necessary to solve

(30)

for in order to obtain the frequency at which the amplitude
of the electric field becomes a maximum. Due to the funda-
mental relation between stored energy, group delay, and selec-
tivity [10]–[13], [21], [22], large peak stored energies occur for

Fig. 2. Magnitude of the scaling factor � in waveguide filters with a passband
center frequency of f = 1:586f .

frequencies in the stopband or passband close to the band edges
for reasonable selective minimum phase filters. Hence, it is rea-
sonable to evaluate (28) either at the lower or at the upper band
edge. The term in (28) is always larger at the lower
band edge than at the upper band edge, which suggests to eval-
uate (28) at the lower band edge. Alternatively, if the peak fre-
quencies in the lumped low-pass filter are known, the frequency
transformation in (1) may be used to calculate the approximate
peak frequencies in the waveguide filter on the lower side of the
passband. Also, from Fig. 2, the magnitude of the scaling factor

is much greater than unity for filters with a fractional band-
width of 20% and smaller. Using (3), we thus have

(31)

Hence, the -term in (28) can be replaced by
without introducing a large error. The negative sign has been
dropped since is an even function. Concerning the stored
energy in the th element in the lumped low-pass filter,
its maximum value may be taken. Hence, the peak electric-field
strength in the th cavity is approximately given by

(32)

and is the maximum stored energy in the th el-
ement of the corresponding lumped low-pass prototype filter.
In Tables I–III, the peak t.a.s.e. in lumped low-pass prototype
filters of degree 1–15 and return loss of 15, 20, and 25 dB have
been listed for future reference covering commonly used Cheby-
shev filters.

III. COMPARISON OF PREDICTED AND COMPUTED PEAK

ELECTRIC-FIELD STRENGTH

Employing Rhodes’ [22] very accurate explicit design
equations, the peak electric-field strength in a large number
of Chebyshev transmission-line prototype filters of different
degrees and bandwidths up to % was computed and
compared to the predicted ones employing (32). For filters of



ERNST AND POSTOYALKO: PREDICTION OF PEAK INTERNAL FIELDS IN DIRECT-COUPLED-CAVITY FILTERS 67

TABLE I
t.a.s.e. IN CHEBYCHEV LUMPED-ELEMENT LOW-PASS PROTOTYPE FILTERS WITH 15-dB MINIMUM PASSBAND RETURN LOSS (P = 1 W)

TABLE II
t.a.s.e. IN CHEBYCHEV LUMPED-ELEMENT LOW-PASS PROTOTYPE FILTERS WITH 20-dB MINIMUM PASSBAND RETURN LOSS (P = 1 W)

degree 3 or larger, the predicted peak electric-field strength by
(32) always agreed within 10% with the computed one.

For a series of low-degree Chebyshev transmission-line
prototype filters of fractional bandwidths between
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TABLE III
t.a.s.e. IN CHEBYCHEV LUMPED-ELEMENT LOW-PASS PROTOTYPE FILTERS WITH 25-dB MINIMUM PASSBAND RETURN LOSS (P = 1 W)

Fig. 3. Computed and predicted peak electric field strength (in kilovolts per meter) in the three cavities of third-degree Chebyshev direct-coupled-cavity filters
with a minimum passband return loss of 20 dB, fractional bandwidths of � = 20%, . . ., 1% and f = 1:586f . The passband center frequency, f
of the filters was chosen to lie approximately in the center of the usable bandwidth of the TE mode, i.e., f � (1:25 + 1:90)=2f = 1:575f . This
corresponds approximately to a center frequency of 5 GHz (1:586f ) for a filter realization in WG12.

%, , %, the computed and predicted peak
electric-field strengths are shown in Fig. 3. This corresponds
to a case when the relative error in (32) is large. Note that (32)
becomes more accurate the more selective the filter is, i.e.,

(32) is more accurate for high-degree filters, narrow bandwidth
filters, and filters with a low passband return loss than for
low-degree filters, wide bandwidth filters, and filters with a
large passband return loss. Several reasons account for this.
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Fig. 4. Deviation 2z=` of the peak electric-field strength from the center of the
cavity in 20% and 5% bandwidth transmission-line filter prototypes with 20-dB
minimum passband return loss, three cavities, and f = 1:586f .

Firstly, the frequency transformation in (1) is of limited ac-
curacy. It is derived from a narrow-band approximation of a
transmission line [16]. Hence, a larger error is expected for
wide-bandwidth filters than for narrow-bandwidth ones.

Apart from this systematic error, another source of error in
(32) is the assumption that the peak electric-field strength oc-
curs at the lower band edge of the passband. Again, however,
this error is smaller in high selective filters than in low selec-
tive filters because the peak stored energy in a highly selective
Chebyshev direct-coupled-cavity filter occurs closer to the band
edges than in a less selective one (compare Tables I–III).

Also, in (32), it is implicitly assumed that the peak electric
field occurs in the center of the cavity. It is well known that this
is not the case. Khan [18] computed the voltages in the transmis-
sion-line model of TEM direct-coupled-cavity filters and was
the first one who reported that the peak electric-field strength
oscillates around the center position in the cavity with changing
frequencies. This was also observed in this study and it was
found that the amount of deviation depends on the bandwidth
of the filter. In order to illustrate the variation in filters with
different bandwidths, the computed deviation of the maximum
field strength from the center location in the cavities is shown in
Fig. 4 for some 20% and 5% fractional bandwidth Chebyshev
direct-coupled-cavity filters with three cavities and 20-dB min-
imum passband return loss.

A. Conclusion

Equation (32) allows the prediction of the peak electric-field
strength in a narrow-band transmission-line filter prototype of
a direct-coupled-cavity waveguide filter to within a few percent

Fig. 5. Experimental waveguide filter and the coupling probe.

Fig. 6. Magnitude of the transmission coefficient in decibels of the filter
prototype with ideal impedance inverters and the filter prototype with metal
posts.

accuracy from the stored energy analysis of the lumped-element
low-pass prototype.

However, the transmission-line filter prototype is a purely
mode model of a direct-coupled-cavity waveguide filter

and it is assumed that the power coupling through the apertures
is frequency independent. Also, dissipation loss is neglected.
To investigate the effect of these factors, the peak electric-field
strength in an experimental direct-coupled-cavity Chebyshev
filter was measured and compared to a full-wave simulation of
the structure (HP HFSS) and to the predicted peak electric-field
strength obtained using (32).

IV. PREDICTION OF THE PEAK ELECTRIC-FIELD STRENGTH IN

A THIRD-DEGREE DIRECT-COUPLED-CAVITY FILTER

A third-degree Chebyshev direct-coupled-cavity filter was
designed in WG12 employing a design procedure similar to
the one presented in [23]. The choice of the number of cavities
ensured that the filter could be sufficiently accurately modeled
on the workstation available using HP HFSS v. 5.1. A passband
from GHz to GHz ( %) was
chosen with a minimum passband return loss of 20 dB. Any
frequency band could have been chosen for the experimental
filter, but a realization in WG12 has the advantage that the
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(a) (b)

Fig. 7. Comparison of the peak electric-field strength, stored energy, and location of the maximum field in the transmission-line prototype filter with ideal
impedance inverters with the transmission-line prototype with metal posts.

filter could be fabricated without the need of tuning, which is
usually necessary due to fabrication tolerances. This is impor-
tant since any tuning screw in a cavity would affect the field
distribution in the cavity possibly to the extent that (32) is not
valid anymore. Symmetrically located double posts were used
to model the ideal impedance inverters in the transmission-line
prototype. Operating at around 5 GHz also has the advantage
that SMA connectors could be used as coupling probes into
the cavities in order to measure the electric-field strength since
their pin diameter is very small in comparison to the operating
wavelength. A picture of the coupling probe that was used and
the waveguide filter is shown in Fig. 5.

A. Predicted and Computed Results

When discontinuities, such as metal posts, are used to realize
the ideal impedance inverters, the impedance inverter values be-

come frequency dependent [17]. This affects the return- and in-
sertion-loss function. The reflection zeros in the passband are
slightly shifted down in frequency and the insertion loss in-
creases in the lower stopband and decreases in the upper stop-
band, as observed in Fig. 6. Hence, it is expected that the peak
electric-field strength on the lower side of the passband is larger
in the prototype with metal posts than in the one with ideal
impedance inverters. This agrees with the graphs of the peak
electric-field strength in Fig. 7 where the total stored energy,
peak electric-field strength, and location of the peak electric-
field strength with respect to the center of the cavities is plotted
for both prototype filters.

Note that the deviation from the center of the cavity of the
peak electric-field strength in the filter with metal posts is dif-
ferent to the one with ideal impedance inverters since the neg-
ative lengths of line needed to embed the metal posts to realize
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TABLE IV
PREDICTED, COMPUTED, MEASURED, AND SIMULATED PEAK ELECTRIC-FIELD STRENGTH CORRESPONDING TO THE CASE WHEN THE

EXPERIMENTAL FILTER IS DRIVEN BY A GENERATOR WITH 1-W AVAILABLE POWER

Fig. 8. Computed, simulated, and measured filter response.

the impedance inverters [1] have been absorbed into the cavities.
This offsets the location of the electrical center of the cavities in
the filter with metal posts in comparison to the filter with ideal
impedance inverters. Only the electrical center of the middle
cavity is unchanged because the filter is physically symmetrical.

The peak electric-field strengths in the three cavities
have been listed in Table IV, including the peak electric-field
strengths predicted by (32). The peak stored energies in a 20-dB
lumped low-pass prototype filter was used for the evaluation
of (32), i.e., , ,
and .

B. Results From HFSS

The reflection coefficient computed by HP HFSS and the
one obtained from the transmission-line prototype with metal
posts is shown in Fig. 8. Very close agreement is observed.
A wide-band frequency sweep of the transmission coefficient
showed excellent agreement between the transmission coeffi-
cient computed by HP HFSS, the transmission coefficient of the
filter prototype with metal posts, and the measured transmission
coefficient.

Solving the EM field for frequencies around the lower band
edge, the peak electric-field strength in the three cavities was

Fig. 9. Measured results probing into the first cavity.

determined and has been collected as shown in Table IV. Close
agreement with the peak electric-field strength in the prototype
with metal posts can be observed (less than 6% deviation).

C. Measured Results

The electric-field strength in the experimental filter was
measured employing principles that were commonly used
to measure the voltage standing-wave ratio (VSWR) using
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Fig. 10. Measured results probing into the second cavity.

a slotted waveguide and a crystal detector [24]. In Fig. 5,
it is shown how probes were introduced into the waveguide
cavities. An SMA connector acting as a probe was centered
onto the top wall of a cavity and connected to a network ana-
lyzer. The measured power transmission through the coupling
aperture when probes are inserted into the cavities is shown in
Figs. 9(b)–11(b), respectively. Even though it is not possible to
incorporate the coaxial-to-rectangular waveguide transition in
the calibration, the shape of the measured power transmission
through the probes is very similar to the computed peak stored
energy. This is due to the high quality of the coaxial-to-wave-
guide transition that was used.

Only very little power is coupled out of the filter through the
probes. Still it affected the filter performance, as observed in
Figs. 9(a)–11(a). However, the effect on the measurement ac-
curacy is estimated to be very small since the selectivity of the
filter is hardly changed. Relating the measured power by the
network analyzer to a known electric-field strength at the probe
location, the measured power can then be directly related to the
electric-field strength at the position of the probe. Three simple
short-circuited stubs were used with the same coupling hole
as in the waveguide filter located a quarter-wavelength away
from the short-circuited end at the frequencies 4.67, 4.80. and
5.00 GHz. The calculated peak electric-field strengths in the
three cavities are 4.591, 4.506, and 3.114 kV/m, respectively.
This agrees to within 10% with the predicted ones using (32).

Fig. 11. Measured results probing into the third cavity.

D. Comparison of Predicted, Computed, Simulated, and
Measured Results

In Table IV, the peak electric-field strengths in the cavities of
the experimental filter are listed. It includes the measured peak
electric-field strengths, the predicted ones using (32), the simu-
lated ones using a full-wave structure simulator (HP HFSS), and
the computed ones in two different types of transmission-line
prototype filters. Equation (32) predicts very accurately the peak
t.a.s.e. in the prototype with ideal impedance inverters. How-
ever, in reality, the couplings are frequency dependent. This is
the main reason of the observed deviation of approximately 10%
of (32) from the measured data.

V. CONCLUSION

An explicit expression for the peak internal fields in the cav-
ities of direct-coupled rectangular waveguide cavity filters has
been derived. Comparison with HP HFSS simulations and mea-
surements of a test filter has demonstrated the good accuracy
of the expression obtained. This expression is very useful in
the analysis and study of the power-handling capability of these
types of filters as, together with the provided tables of the peak
stored energy in commonly used Chebyshev lumped-element
prototype filters, the peak electric-field strength in direct-cou-
pled rectangular waveguide cavity filters are now easily com-
puted.
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The procedure presented here for a rectangular waveguide
can equally be applied to any type of resonator and excited mode
if the field distribution in the resonator is known at resonance.
Some consideration has already been given to combine filters
[25].

In this paper, explicit consideration has been given to the case
of direct-coupled-cavity filters. Similar principles apply to mul-
tiple-coupled-cavity filters, where, again, the peak internal field
can be related to the peak t.a.s.e. in the lumped low-pass proto-
type from which it is derived.

The accuracy of the expressions derived in this paper may
be further improved by employing a more accurate frequency
transformation [17] that also takes into account the frequency
dependency of the coupling apertures.
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